Selected issues in the theory of nonlinear
oscillations
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Abstract. The paper presents results concerning the theory of oscillations in the
field of linear extensions of dynamical systems. An overview of the basic results was
done, the direction of research was outlined and the results obtained were given in
this regard.
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1. Introduction

In the theory of non-linear multi-frequency oscillations several questions related to
the research of invariant tori of autonomous systems of differential equations arise.
One of the important issues is to maintain invariant tori for small disturbances, as
well as the behaviour of the solutions of an equation on the same tori and within their
neighbourhood. Together with deep research in this direction (see [2, 10, 11]), there is
a number of problems that currently can not be fully resolved. This article is a review
of some of the problems that arise in the use of Lyapunov functions in the theory of
linear extensions of dynamical systems on the torus. Similar research can be found in
1,9, 14, 12, 15).

Let us consider the system of differential equations

d_gp_ dzr

pri a(p), i A(p)z + f(), (1)
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where ¢ = (¢1,02,..-,¢m), T = (21, 22,...,%y), the vector function a(p) = (a1(p),
asz(¢), ..., am(p)) defined for all p € R™ is real, continuous and periodic with respect
to each variable ¢; with the period 27. Usually, it is said that the function a(y) is
defined on the m-dimensional torus T,,, thus it belongs to the space of continuous
functions C(T,). It is assumed that the Cauchy problem ‘Z—f = a(p), plt=0 = ¢ has
a unique solution, denoted by () (see [2, 10]). Since the periodic function a(yp) is
bounded, the solutions ¢;(y) will always be defined on the whole real axis R. The
matrix A(y) in the system (1) is a square matrix whose elements are real, continuous
and 2m-periodic functions, i.e. A(¢) € C(T,), the vector function f(y) € C(T},). The
system (1) is used to be called a linear extension of a dynamical system on the torus.
Together with the system (1), we will consider the corresponding homogeneous system
in the following form

d dx

= =alp), = =Alpk. (2)

Recall the definition of space C'(T},;a) of an invariant torus of the system (1) and

the definition of the Green-Samoilenko function for the problem with an invariant
torus Go(7, ) for the system (2).

Definition 1.1. C'(T),;a) is a subspace C(T,,) of continuous functions P(p) such
that the superposition ®(pi(p)) is continuously differentiable with respect to the vari-
able t, t € R, whereas d(‘b(%(“")” 4 ().

Definition 1.2 (see [5]). We say that the system (1) has an invariant torus, defined by
the equality x = u(yp), if u(e) € C'(Tm;a) and an identity: u(p) = A(p)u(y) + f(@)
for every ¢ € T,,, is satisfied.

Denoting a fundamental matrix of solutions normalised for t = 7, i.e. 2! |;—; = I,
where I, is an n-dimensional identity matrix of the linear system

&~ Aeuone, )

with 2% (p) (2L(p) = 2L(p; A)), let us recall the definition of the Green-Samoilenko
function [2].

Definition 1.3. If there exists an n-dimensional square matriz C(p) € C(T,,), such
that the function

22(0)C(pr(9)), T <0,
Go(T, ) =4 ¢ (4)
’ {mwnmww»—m,7>a
satisfies the estimate
1Go(r,0)|| < Ke 1™l vreR Vo eT,, (5)

where K,~ are positive constants independent of T and p, then the function (4) is
called the Green-Samoilenko function for the problem with an invariant torus of the
system (2).
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Remark 1.4. If there exists a Green-Samoilenko function (4) satisfying the estimate
(5), then the system (1) has an invariant torus in the form of

+oo
r = u(p) = / Go(r, ) F (- (), (6)

for all fixed functions f(p) € C(T}y,).

Remark 1.5. (See [10]). To establish the Green-Samoilenko function, the estimate
(5) can be weakened — it is enough to require that the integral

+oo
[ Gt o)lar g

converges uniformly with respect to variables ¢ € T,,, and then the equation (6)
determines the invariant torus (1), whereas a problem with the study of the function
smoothness (6) with respect to ¢ appears.

There are examples of systems (2) that have a function in the form of (4) for which
the estimate (5) is not satisfied, and the integral (7) is uniformly convergent with
respect to the variables ¢. However, in the examples considered there was another
Green-Samoilenko function that satisfied the estimate (5). The question arises whether
or not, if there is a function in the form of (4), for which the integral (7) is uniformly
convergent, there always exists a function (possibly different) in the form of (4) for
which the estimate (5) is satisfied. This question still remains unanswered.

Remark 1.6. Since
Pi(p=(9)) = pri2(),

the fulfilment of the inequality (5) for the function (4) is equivalent to the fulfilment
of the following estimate

G0, 0)| < Ke "l VteR Vo€ Ty,

for the auxiliary function

GL(0,0) = { (e1C() t>0, @

0(90) [C(SD) - In] ) t< 07

with the same positive constants K, 7.

Remark 1.7. If there exists a Green-Samoilenko function (4) with an estimate (5),
the following function

Q2L (0)C(pr () T <t

01@) [Cler (@) — L], 71, ®)

Gt(Tv 90) = {

is a Green’s function for a problem with bounded solutions of the system (3), i.e. the
heterogeneous system
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dx
7 = Az + f(1) (10)
+oo

has the bounded solution z = [ G(7, ) f(7)dr for each function f(t) being contin-

uous and bounded on R.

Corollary 1.8. If a heterogeneous linear system (10) has no bounded solution on R
for a certain parameter value ¢ and a certain function f(t) continuous and bounded
on R, then a Green-Samoilenko function (4) does not exist.

2. Overview of the main results

The system (2) that has a unique Green-Samoilenko function with an estimate (5)
is used to be called regular, and if it is known that there is at least one such function
(4), then the system (2) is weakly regular, and in the case where there is infinitely
many different of such functions, the system (2) is strictly weakly regular.

T

1
Let us recall that (y,y) = > y;7; represents the inner product in R”, ||y|| = /(y, v)
j=1

is a norm of the vector y in R™, (Sy,y) is a quadratic form associated with the
symmetric matrix S.
In the book [10] on page 124 the following theorem is formulated.

Theorem 2.1. Suppose that the following quadratic form exists

W = (S(¢)y,y), y € R", (11)

associated with a symmetric matriz S(p) € C'(Ty;a), whose derivative with respect
to the system of equations

de _ dy _ T
i = a(y), i A ()Y, (12)

is positive definite, thus
W= ([3(e) = 8(2)A"(¢) = AP)S(@)] wy) > I8’ yeR™  (13)

Under the above assumptions the system (2) is weakly regqular. If in addition we assume
that
det S(p) #0 Vo € Ty, (14)

then the system (2) is regular and in the structure of the Green-Samoilenko func-
tion (4) the matriz C(p) is a projection matriz for which the following identities are
satisfied

C?(p) = Clp), Clei(p)) = 25()C(9)82 (9) Yo € Ty, t €R. (15)
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If the condition (14) is not satisfied and there exist such values ¢ = oo € T, for
which the following the equality is satisfied det S(pg) = 0 then the system (2) is strictly
weakly reqular and each of the matrices C(p) does not satisfy any of the identities (15).

In the book [11] on page 130 identities are examined in detail.
It is easy to see (by making the change of variables y = S~!(p)x) that the following
remark is true.

Remark 2.2. If the symmetric matrix S(p) € C'(T},; a) is non-degenerated in the
inequality (13), then for the matrix S(¢) = —S~1(p) the following inequality is sati-
sfied

<[5(s0) +8(0)Alp) + AT(9)8(p) | 2,2) Zllz]?, @z €R", v =const >0,

and which means that the derivative of the non-degenerated quadratic form

—(87H @)z, 2) = (S(p)z, 2)
with respect to the system (2) is positive definite.
A converse theorem is established (see [10] on page 123).

Theorem 2.3. If the system (2) has the Green-Samoilenko function (4) with the
estimate (5), then there exist symmetric matrices S(p) that satisfy the inequality
(13). Some of these matrices can be expressed in the following form

S(p) = 2[S1(p) — S2(p)],

0
Sip) = | 22)Clp-(9)) [22)Cle- ()] dr,

+oo
Sa(p) = /0 22) [Clor () — L] {22¢) [Clor () — L]} dr.

Remark 2.4. The form of matrices S(¢) was generalized (the proof can be found
in [7]):

0
S(p) =1 2A)Cer () Hi (i1 () [22(9)Ceor ()] dr—
+oo

-/, 22(9) [Cler(9) = ] Ha(o- () {22(9) [Clpr () = L]} 7, (16)

where H;(p) € C(T,,) are any symmetric matrices, satisfying the inequality

(H;(p)y,y) = 2llylI>, i=1,2.

Simultaneously, if the system (2) is regular, then the inequality (14) is satisfied for
any symmetric matrix S(¢) € C'(T,,; a) that satisfies the condition (13).

Regarding to the norm of a matrix A defined as ||A|| = Hm”ax ||[Az||, it has been
z||=1

proven in [13] (pp. 1685-1686) that from the inequality

128 (@)l <1 Vo €T (17)
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for any fixed value A > 0 we obtain an estimation
128 (p)|| < Ke 7)) ¢, reR, T<¢t, (18)

where K and v are certain positive constants. Hence it follows the theorem.

Theorem 2.5. Let the constant A > 0 such that |28 ()| < 1 for every ¢ € Ty,
exist. Then the system (2) is reqular and the Green—Samoilenko function has the form

2(p), T<0,
0, 7> 0.

GO(Tv @) = {

Another proof of the fact that the inequality (17) implies the estimation (18) has
been proposed in [4] (pp. 92-93). Namely, a symmetric matrix was considered in the

form
A+t

/ (20 ()" 27 () do = S(p1(). (19)

t

Whereas the quadratic form (S(¢;(¢)z, ) is positive definite and its derivative with
respect to the system (3) is negative definite.

Example 2.6. Let us examine the regularity of the system

d d
d—le—i—scosgo, 0<ex<l, d—j:(cosgp)x.
The regularity of this system is equivalent to the regularity of the following system

dy dx cos
. = 17 e
dt dt  l+ecosyp

for this system the value of £22™ () will be less than 1, namely

o s(t+ )
0 () = _coslte) g\
0" (¢) = exp {/0 1+ ecos(t + ¢)

™ 2m .
:exp{/ cos(t + ) dt+/ cos(t + ) dt}:
o l+ecos(t+ ) = l4ecos(t+ )
e /7T cos(t+¢)  cos(t+¢) A
P o |l4+ecos(t+p) 1—ecos(t+ ) B
T —2ecos?(t
o [ )
o 1—¢e2cos?(t+ )

In this way the system considered is regular for the parameter value ¢ € (0,1). If
€ = 0, the system is not regular.

If we now consider the matrix

Ta(p) -
/ (3 ()T 25 () do = S(p),
T1(p)
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which is a generalization of (19), then calculating the derivative of a quadratic form
(S(p)z, ) with respect to the system (2) we obtain the following theorem.

Theorem 2.7. Let the two scalar functions Ti(p), Ta(p) € C'(T); a) exist such that
the quadratic form

B(z) = (1 + Ta(0)) 12527 ()22~ (1 + T () 19259 (0)||?

is negative definite: ®(x) < —||z||?, then the system (12) is weakly regular. In addi-
tion, if the inequality Ti(p) < Ta(yp) is satisfied, the systems (2) and (12) are regular.

Let us recall |A|g = max [|A(¢)|| for matrix A = A(p). Then the generalization
e
of the theorem 2.5 is the following theorem.

Theorem 2.8. Suppose that there exist A; € R, i = 1,..., k, satisfying the inequality
k- ZIIQA PIf <1 Ve, (20)

where matrices Pi(p) € C(Tw), i = 1,...,k, fulfil the condition

then the system (2) is reqular.

Proof. Let us consider a symmetric matrix in the form

k

k 0
(o) = =Y [ 2Pere) - [P or ()

i: i=1 _A,

1" ar. (22)

i

We show that if the inequality (20) is satisfied, the derivative of a quadratic form
(S(¢)x, x) with respect to the system (12) is positive definite. Let us examine one of
the element of the series (22):

0
= [ 2PN [220)Piler(0)

and write down a composition

Si(er(p)) = / QL) P+ (9)) - [24(0)Pilior ()] T dr.
—A;+t
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Differentiating with respect to variable ¢, we obtain

L 5:(u()) =

= Pi(pu(9)) - [Piloe(0)]T — 2 4, (2)Pilor—n,(9)) - [2_ . (2)Pilor—a, ()] +
+ A(pi(9))Si (@t () + Si(ip () AT (01(9)),

and hence for t = 0 we get

Si () = Si (9) AT (@) — A(p) Si (@) =
=Pi(p) - [P (9)]" = 2° 4 (9) Pi (-2, (9)) - [2% 4, () P; (92, (¢))]

In this way we obtain equality for the matrix (22):
S(p) = S(P)AT () = A(p)S(p) =

k k
= Pi(e) - [Pile)]" =D 24, (0)Pi(0-a,(9)) - [2° 4, (0) Pilp—a, ()],
=1 =1

T

hence the corresponding quadratic form is as follows
<[5(¢) — S (p) AT (p) — A(@S((p)} xx> _
- Z 1P @) ] - Z [[22a, (0 P (oo 0] | - (23)

Taking into account the identity (21), the first component of the right-hand side of
the equation (23) is estimated from below in the following manner

k
SR )T 2 > Ll (24)
& i=1
Indeed, since > P;(¢) = I, then
=t k k
el = | Y2 1P o) || < S s (o)l
i=1 i=1

Hence, based on the Cauchy—Schwarz inequality

(iaibif < (ia?) : <§b2>

=1

by substituting a; = 1, b; = || [P; ((p)]T z||, we obtain
k 2 k
T T
Jall? < (Z 1P ()] x|) <k S () 2l
=1 i=1

which implies the fulfilment of the inequality (24).
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Now let us estimate the second component on the right-hand side of (23). To do
this, let us consider the following inequality

(922, @) Piomn, D) ] < 1220, () P2 (o (0] | el =

122 5, () P (p—a, (9))II]|z]| < maXHf?O (@) Pi(p-a; ()l - ll=ll =

:glf%IWA () Bi (Pl - 1] —IIQA () Pi(@)llo - ll=l-

Thus, the second term on the right-hand side of (23) is estimated as follows

> (122 a @ P oma o) o] < Z 123 () P @ 3llel. (25)

Taking into account inequalities (24), (25), from equation (23) follows

([$(0) =8 AT (9) — A(9) S (¢)] 3,2) > ( an‘ >||o>-|x||2.

This shows that if the inequality (20) is satisfied, then the derivative of the quadratic
form (S () x, x) with respect to the system (12) is positive definite, which means that
the system (2) is weakly regular. O

Theorem 2.9 ([6]). Let the system (2) be weakly regular, then the expanded system

dx dy

d£ = a(p), i A(p)x, ik AT (p)y, (26)

is reqular. Whereas the derivative of the following non-degenerated quadratic form

Vp =p(z,y) + (S(0)y, y), (27)

with respect to the system (26) is positive definite for sufficiently large values of the
parameter p (here the matriz S(p) € C'(Tyn; a) satisfies the inequality (13)).

Example 2.10. The system of equations ‘Z—t = sin p, z—f = (cos p)x is strictly weakly

regular, because the derivative of the function V = —(cos ¢)y? with respect to the
adjoint system: Z—t = sin ¢, d? = —(cos )y is positive definite

V = (sinp)gy” — (cos)2yj = (sin® ¢ + 2cos? p)y® > y
whereas cos ¢ = 0, ¢ = 5 + mn. The following expanded system

dp dy

dx
L =g e —_— = — 2
o sin ¢, o (cos o)z, 7 x — (cose)y (28)

is regular, because the derivative of the non-degenerated quadratic form

V = 2xy — (cos ¢)y* (29)
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with respect to the system (28) is positive definite
V =222 — 2y cos ¢ + (sin ¢ + 2 cos® p)y? > 2 + 2.
Remark 2.11. If the system (2) is weakly regular, then the expanded system

do oy dn dy _

at a((p)v = A((p)ﬂ}, dt

o B(p)z — AT (o)y, (30)

is regular for each n x n-dimensional matrix B(y¢) € C(T,,) that satisfies one of the
inequalities

(B(g)z,z) > Bllzll*, (B(p)z,x) < =Bz, B = const > 0. (31)

Whereas the Green-Samoilenko function of the system (30) will be 2n-dimensional

DAp) 0\ (Culer(e)) clzwso))) <o

Cor) — 4 \WOT0) (DT ) \Corlr () Conlor(9) ) |

’ 22(p) 0 Culer(p) —In Craer(9)) 50
w(0.7.0) (D)) \ Culor(@)  Coalor(e)) = 1)’

and will be changing with the change of the matrix B(y) € C(T},,). The n-dimensional
block G§! (7, ¢) of the matrix Go(, ) is the Green-Samoilenko function of the system
(2). Still, there is no answer to the question whether all the Green-Samoilenko func-
tions G§'(r, ) of the system (2) can be obtained from the system (30) by changing
the matrix B(p) € C(Tr,).

Remark 2.12. If we resign from the conditions (31), the system (30) may not be
regular. Whereas the question what necessary and sufficient conditions need to be
imposed on the matrix B(yp) € C(T),) so that the system (30) is regular under the
condition of strictly weakly regularity of the system (2) remains open.

Continuing the study of the example (28), we will consider the following system

d d d
2 _ sin o, g (cos )z, L (sinp)z — (cos p)y. (32)
dt dt
Although the derivative of the quadratic form V = pzy — (cos p)y? with respect
to the system (32) is not positive definite independently of the parameter p € R,
a quadratic form can be written in another form

& = 2% cosp + 2zysin g — y? cos @,

whose derivative with respect to the system (32) will be positive definite. It can be
concluded that under the condition of strictly weakly regularity of the system (2), the
expanded system (30) may be regular with some matrices B(y) € C(T},) that do not
fulfil any of the inequalities (31).

One of the generalizations of the regular system of equations (32) is known. Con-
sider the case n = 1, A(p) = A(y) is a continuous, 2m-periodic scalar function with
respect to each variable ¢;, j = 1,...,m. Let us denote
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Y=kio1+ ...+ knom +60= (k) +0,

where k; are certain integers, k = (ki,...,kn) is a vector with integer coordinates,
|k| = k1] + ...+ |km|, 0 is a constant.

The following theorem is true.
Theorem 2.13 ([6]). Let the inequality o = (k,a(y))siny + 2A(¢) cosyp > 0 for
some integer vector k, |k| > 0, for all ¢;,j =1,...,m, and for some constant 6 be
satisfied. Then the system of equations

Cfi_f = a(p), Z—? = Nz, % = (k,a(p)) — Mp)y, (33)

is reqular whereas the derivative of the quadratic form x? cos + 2zysiny — y? cos
with respect to the system (33) is positive definite.

Let us consider the following example (see [6]).
Example 2.14.

d

%:3sin<p1coscpg, %ZQCOSﬁplSiHW,
dz .

it [ncos(¢1 — p2) + esin(e1 + v2)],

where n =1,2,..., |e| <0,5. Denoting ¥ = ¢1 — 2, k = (1,—1), we have

(k,a)siny =2 sin? 1) + sin ¢, cos g sin 1Y,
2\(¢p) cos 1 = 2n cos® P + 2¢ cos 1 sin(py + @a).

It is clear that the conditions of Theorem 2.13 given above are met. In this way, the
expanded system of equations

d
% = 3 sin 1 cos 2, % = 2cos 1 sin 2,
dx .
e [ncos(p1 — 2) + esin(pr + p2)] 2,
d
d—i{ = [3sin ;1 cos Y2 — 2 cos 1 sings| T — [ncos(p1 — @2) + esin(p1 + p2)] Y,

is regular for any natural value n and the fulfilment of the inequality |¢] < 0, 5.

Let us consider the system of differential equations

d
d_f = acosp + bsin p,
dx - . L (34)
i (ao + ;(aj cos jo + b; smjcp))m,
with some real coeflicients a, b, aj, b;, 7 = 0,...,n,¢ = 1,...,n. The problem is

to find such conditions for these coefficients that the system (34) has the Green-
Samoilenko function.
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It should be noted that if @ = b = 0 in the system (34), it may have only one

Green-Samoilenko function under the condition ag + > (a;j cos jo + b; sin jp) # 0 for
j=1
every ¢ € R.

Suppose that a? + b? # 0 and denote

My = a1 cos — by sinf + a3 cos30 — bysin36 + . ..
+ agi—1 cos(2l — 1)0 — by sin(2] — 1)0,

My = ag + ag cos 20 — by sin 20 + a4 cos 40 — by sin46 + . ..
+ agm cos 2mb — ba,, sin 2mdo,

where

b
max{2l —1,2m} =n, sinf= % cosh=

) 0= ———.
a2 + 02 VaZ + b2
The following theorem is true.
Theorem 2.15 ([3]). The system (84) has a unique Green-Samoilenko function when-
ever the inequality |M;| < |Ms| is satisfied. If the inequality My > |Ms| holds, then

the system (84) has infinitely many different Green-Samoilenko functions. In the case
of |My| = |Ms|, My < —|Ma|, the system (34) has no Green-Samoilenko function.

Theorem 2.16 ([8]). Let the two systems

{?j_f :UJ1(§0), <p€Tm; {% :w2(¢), ¢€Tk, (35)

‘é—f = A1(p)x, = €R™, Cfi—f = Ay ()x, xR,

be weakly reqular, then the following system

is reqular. In addition, the derivative of the quadratic form
Vp = 0 (a1, @2) + (21, 23) + (2, 23)) + p(Sa ()2, x2) + (S1 () w3, 23),

with respect to the system (28) for sufficiently large values of the parameter p > 1 is
positive definite.
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Corollary 2.17. Let the system (2) be weakly regular, then the following system

% =aly),
I — (3A(p) + AT (9) — L)y + (A(p) + AT ()22, z; € R, (37)
das

(
2 = (—3Ap) + 347 () + In)ar — AT (p)az,
(

G = (BA(0) — 3AT(9) + In)z1 — (A(p) + AT ()2 — AT ()23,

is reqular whereas the derivative of the quadratic form

Vp = p*((x1, x2) + (w1, 23) + (T2, 73)) + p(S()22, T2) + (S(P)T3, T3),

with respect to the system (37) for sufficiently large values of the parameter p > 1 is
positive definite.

Remark 2.18. In the systems (36) and (37) the identity matrix can be replaced with
the matrix B(p), which is positive definite and in this case the systems (36) and (37)
remain regular.
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